Longitudinal dispersion of suspended particles with settling velocity in a turbulent shear flow over a roughbed surface is investigated numerically when the settling particles are released from an elevated continuous linesource. A combined scheme of central and four-point upwind differences is used to solve the steady turbulent convection-diffusion equation and the alternating direction implicit (ADI) method is adopted for the unsteady equation. It is shown how the mixing of settling particles is influenced by the 'log-wake law' velocity and the corresponding eddy diffusivity when the initial distribution of concentration is regarded as a line-source. The concentration profiles for the steady-state conditions agree well with the existing experimental data and some other numerical results when the settling velocity is zero. The behaviours of iso-concentration lines in the vertical plane for different releasing heights are studied in terms of the relative importance of convection, eddy diffusion and settling velocity.
Introduction
The release of waste materials from chemical plants or industries into a river or the atmosphere is a common phenomenon. Hence, studies concerning the longitudinal dispersion of dissolved and suspended particles in natural flow are important to understand the process of contamination in the environment.
The present study gives an insight into dispersion phenomena of passive settling particles in the turbulent shear flow.
In his classic paper Taylor [22] studied the longitudinal dispersion of soluble matter in turbulent flow through a circular cross-section pipe under turbulent conditions. He showed that the centre of mass of the material has a velocity asymptotically equal to the discharge velocity and the effect of longitudinal turbulent diffusion is very small. Employing Taylor's model in turbulent open-channel flow, Elder [3] found that contribution to longitudinal dispersion is approximately 2% of the main dispersion value. Raupach and Legg [13] investigated experimentally the dispersion of a passive tracer concentration resulting from an elevated continuous line-source within a wind tunnel turbulent boundary layer over a gravel-bed surface and provided some detailed measurements of the velocity, and scalar contaminant concentration at moderate downstream distances. Sullivan and Yip [18] employed the versatile solution scheme for the three-dimensional convection-diffusion equation developed by Sullivan and Yip [17] to study the contaminant dispersion from an elevated line-source near an impermeable boundary in turbulent flow. The comparison between their results obtained from their solution scheme and the experimental data of Raupach and Legg [13] showed good agreement at downstream distances except near the source. Mazumder and Xia [10] presented an analytical solution for the longitudinal dispersion of tracer materials in an asymmetric flow through a two-dimensional channel, when the concentration of the injected solute was initially uniform over the cross-section and the concentration varied harmonically with time at a certain cross-section of the channel. Mazumder and Bandyopadhyay [8] presented a numerical solution to the convection-diffusion equation to study the stream-wise dispersion of contaminant due to turbulent shear flow over a gravel-bed surface, employing a modified 'log-wake-law' and corresponding eddy diffusivity due to Nezu and Nakagawa [11] . Their method provides a more general numerical scheme for the unsteady convective diffusion equation than the theoretical study of Sullivan and Yip [18] based on a small time asymptotic solution.
When the fine sand particles are released into the turbulent open-channel flow, the particles will either continue to travel in the main body of the flow, or will fall due to gravity. Movement of sand particles shows a complex phenomenon, particularly near the bed surface, due to the combined action of the mean shearing current, turbulence characteristics and gravity. Extensive research has been performed theoretically as well as experimentally to study the longitudinal dispersion of suspended fine particles with settling velocity in a steady, uniform, two-dimensional shear flow [15, 6, 7, 20, 21, 23, 9] . In particular, Sumer [20] analysed analytically the mean velocity and longitudinal dispersion of heavy particles in a turbulent open-channel flow with a smooth bottom surface by employing the Eulerian formulation and applying the Aris moment transformations. He found that the mean particle velocity decreases and the longitudinal dispersion coefficient of particles increases with the fall velocity. Yasuda [24] investigated theoretically the longitudinal dispersion of suspended fine particles with settling velocity and revealed the dispersing behaviour of those particles for all time periods in tidal oscillatory currents. He showed that in an oscillatory current with linear profile, the settling velocity of dispersing particles decreases the values of the dispersion coefficient all over the values of settling velocity.
Our main objective of the present paper is to study the dispersion phenomena of passive settling particles released from an elevated continuous line-source in a fully developed turbulent open-channel flow. More precisely, we study here how particles disperse with the flow and how the spreading of settling particles is influenced by the mean velocity and the corresponding variable eddy diffusivity over the rough surface. A combined scheme of central differencing for diffusion terms and four-point upwind scheme for convection terms is used to solve the convection-diffusion equation for steady state, whereas the alternating direction implicit (ADI) method is adopted to generate the numerical solution of two-dimensional unsteady convection-diffusion equation. The vertical concentration profiles with zero settling velocity resulting from the steady-state diffusion equation agree well with the experimental data of Raupach and Legg [13] and the results obtained by Sullivan and Yip [18] at different downstream stations. The concentration profiles of suspended particles are also presented for different downstream stations for various values of settling velocity. For two-dimensional unsteady dispersion equation, the results are discussed in the form of iso-concentration contours of suspended particles in the vertical plane.
Mathematical formulation
Consider a steady, fully developed, unidirectional homogeneous turbulent flow of depth H, in which we employ a Cartesian coordinate system with x * -axis along the flow, y * -axis along the cross-stream direction and z * -axis perpendicular to the flow. Assuming the mean velocity and turbulent eddy diffusivity vary only with the vertical coordinate and the passive settling particles are released from an elevated source into the above flow, the concentration C(x, y, z, t) of the particles satisfies the nondimensional advection-diffusion equation of the form
with the dimensionless variables
Here u * is the friction velocity (taken as reference velocity), is the settling velocity of particle, H is the depth of the carrier fluid and k ij (z) is the nondimensional form of turbulent diffusivity tensor where k 11 =k x , k 22 =k y and k 33 =k z . If the coordinate axes are chosen in such a way that these axes coincide with the principal axes of the turbulent fluctuations, the cross-variances become zero in the field of stationary homogeneous turbulence. So, in this study the off-diagonal terms in eddy-diffusivity tensor k ij have been excluded [4] .
The dimensionless boundary conditions of the problem are
where z 0 is the bottom roughness. In addition, the unity concentration is maintained at the steady linesource (x = 0, z = z s ) for all times. Thus, the physical problem is to seek the long-time diffusion of settling particles from the localized line-source. The aim of the present study is to solve (1) numerically subject to the boundary conditions (2) and the prescribed input condition for the passive settling particles. Firstly, the steady-state form of (1) will be solved and results will be compared with the experimental data of Raupach and Legg [13] and also with the numerical results of Sullivan and Yip [18] . Finally, the two-dimensional unsteady convection-diffusion equation will be solved numerically for the prescribed turbulent velocity field with variable eddy diffusivity.
Numerical procedure
In order to discuss the dispersion phenomena from the release of settling particles into the turbulent flow, Eq. (1) together with the boundary conditions (2) and prescribed input condition has been solved numerically using a finite difference technique. In the numerical scheme, it is not convenient to incorporate the boundary conditions at infinity. To avoid this difficulty along x and y direction, a transformation is taken to map the unbounded region [physical plane of (x, y, z) coordinate] to a bounded one [computational plane ( , , ) coordinate]. The transformations used in this problem are of the form
for −1 < < 1, −1 < < 1, 0 s 1. Here a and b are stretching factors relating the physical domain to the computational domain. To avoid the loss of accuracy through discretization in the diffusion and convection terms, a transformation of this form is needed. Using transformation (3), Eq. (1) and the respective boundary conditions (2) in the computational plane become
and
As the flow is fully developed turbulent flow, convection in the horizontal plane is much larger than that of longitudinal diffusion of the settling particles. If the particles are injected at the line = 0, it cannot reach the negative side of the = 0 line because of the dominance of the convection effect. Hence, the concentration of the particles for −1 0 is assumed to be zero.
Steady-state concentration equation
Neglecting the cross-stream diffusion k , the steady two-dimensional form of (4) is
and the boundary conditions are
Here the input condition at the line-source (x = 0, = z s ) is assumed to be unity for all times. In order to solve Eq. (6) subject to the prescribed input and boundary conditions, a combined scheme of central differencing and a four-point upwind scheme is employed. Central differencing is used for diffusion terms but for the convection term the four-point upwind scheme is adopted because of the oscillatory nature of the three-point central difference representation and the dissipative behaviour of the two-point upwind scheme for the convection term. So, a four-point upwind scheme for the convective terms ujC/j and jC/j is useful and produces less error [5] . The following discretizations are used for jC/j at (j, k) grid point: for u > 0
and for u < 0
and the discretized form of jC/j is represented as:
and for < 0
The parameters q 1 and q 2 control the size of the modification of the three-point central finite difference formula and it is effective to reduce the dispersion error. On a finer grid, a suitable choice of q 1 and q 2 produces comparatively more accurate and nonoscillatory results than the other simple schemes. C(j, k) indicates the value of the concentration of the settling particles at the mesh point (j, k):
and are the grid spacing along the x-axis and z-axis, respectively. The mesh point where the particles are injected for all times is described as (1, k p ) where j = 1, j = N + 1 corresponds to = 0, = 1; k = 1, k = M + 1 corresponds to = 0 , = 1 and k = k p corresponds to = z s . N and M represent the maximum number of grid spacings respectively along and directions. The boundary conditions are then reduced to
and the input condition is given by C(1, k p ) = 1. The following conditions have been used for accurate and stable results:
An inverse transformation has been applied to go back from the computational plane to the physical plane and to obtain the desired result after solving the discretized system of algebraic equations by means of the successive over-relaxation (SOR) method. The relaxation parameter has been found by numerical inspection.
Unsteady concentration equation
The unsteady, two-dimensional form of (4), neglecting cross-stream diffusivity k , is
with respective boundary conditions (5) and prescribed input condition. An alternating direction implicit (ADI) method is adopted to solve Eq. (13) . TheADI scheme in the two-dimensional case is unconditionally stable, second-order accurate and also economical to formulate. On solving Eq. (13), central differencing is used for diffusion terms and backward differencing for convective terms. This finite difference technique prevents the numerical oscillations to the solution, though the local spatial resolution is only of first order. Eq. (13) is written in two-half step with one spatial variable implicit in one-half step and the other spatial variable implicit in the next-half step. Therefore, each half-step involves the direct solution of a tri-diagonal system of equations. During the first-half step the value of the concentration C is known at time level n but is unknown at the (n + 1 2 ) time level, denoted by * . However, these unknown nodal values are associated with the -direction only (i.e. for -implicit and -explicit). Eq. (13) can be discretized as
where
Using Thomas algorithm [1] , Eq. (14) is solved for C(j, k, * ), j = 2, . . . , N, for each row and k = 1, . . . , M + 1. For the next-half step with -implicit and -explicit, the following set of equations is solved for the unknown values of concentration C(j, k, n + 1) using the known intermediate values C(j, k, * ):
where and
This system of equations is solved for C(j, k, n + 1), k = 1, . . . , M + 1, for each row j = 2, . . . , N. Also, an inverse transformation is used to get back to the physical plane from the computational plane. 
Discussion of results
Several researchers [2, 12, 11] suggested that the deviations of the velocity measurements from the standard log-law cannot be fitted only by adjusting the von-Kármán constant and integrating constant A r , but it may be fitted well by adding a suitable function, known as 'wake-function' W (z) in the log-law. The term 'wake-function' is added to the log-law in the outer region to incorporate the effect of wakes generated below the free surface [2] . According to Nezu and Nakagawa [11] , the log-wake law over rough bed surface in open-channel flow is given by where A r = 8.5 for a completely rough wall and s is the equivalent sand roughness. In our problem the velocity distribution for the gravel bed surface is considered in dimensionless form as
The constant A r is included into the log-term and z * 0 (0.23 mm) is the equivalent roughness height. It may be mentioned here that the 'log-wake law' can be used only in fully developed homogeneous turbulent flow. Generally, the phenomenon like turbophoresis occurs due to the inhomogeneity of the turbulent fluctuations [14] . So, in the present problem this effect is not taken into account. The eddy diffusivity corresponding to the 'log-wake law' is considered similar to that of Nezu and Rodi [12] , given by
where is called the wake-strength parameter and we have taken the value of = 0.09 according to Song et al. [16] for better agreement with the experimental data of Raupach and Legg [13] . Also, in this problem, we have taken k ( )=k ( ) and k ( )=0 and stretching factor a =0.1. To verify the accuracy of the numerical scheme, results of the steady-state dispersion of the present problem when = 0 are compared with the experimental data of Raupach and Legg [13] and the numerical results of Sullivan and Yip [18] . Raupach and Legg [13] performed their experiment on passive tracers by making a rough surface of 7 mm gravel glued to a wooden base board where a heat source was situated 60 mm above the zero plane of the surface and the depth of the carrier fluid was 0.54 m. Their measured data yielded an approximate logarithmic velocity profile u * = (u * / ) log(z * /z * 0 ), with roughness height z * 0 = 0.12 mm and = 0.38. The vertical and downstream distances were normalized by the heat source height h for the comparison with the measured and computed concentration values. Following Raupach and Legg [13] , concentration C has been normalized by a temperature scale of the form
where F is the constant flux of contaminant through a plane normal to the flow. In Fig. 1 (a-d) , the present numerical results are verified with the experimental data of Raupach and Legg [13] and the numerical results of Sullivan and Yip [18] for the steady-state concentration equation at four downstream stations (x * /h = 2.5, 7.5, 15.0, 30.0). It is observed that the results are in good agreement except at the closest downstream distance ( Fig. 1(a) , x * /h = 2.5). This discrepancy may happen due to a timeindependent eddy-diffusivity approach to the closest downstream station or for neglecting the off-diagonal diffusion terms, which is to be studied. However, using a time-dependent eddy diffusivity Sullivan and Yip [19] achieved a better agreement at x * /h = 2.5. As the mean velocity is considered to be steady in the present problem, it would be more reasonable to adopt the corresponding eddy diffusivity that is independent of time. Therefore, it seems reasonable to extend the present numerical scheme for longtime diffusion. The nondimensional steady concentration profiles of suspended particles are shown in Fig. 2 proceeds towards downstream. It is interesting to note that with increase of settling velocity the elongation in the concentration profiles is mostly prominent near the bed surface. This is because the heavier particles travel most of the time very close to the bottom, where the velocity gradient is greater than any other region; this means, that the greater the velocity gradient, the larger the longitudinal dispersion [20] .
For the results of unsteady dispersion, Fig. 3 (a-d) shows the lines of equi-concentration for different settling velocities with the outermost contour having the value 0.015 with an increment 0.015, when the particles are released continuously from a height z s = 0.11 near the bed surface at dimensionless time t = 0.2. It is seen that the elongation of the concentration contours without settling velocity is much larger than that of with settling velocity, because the settling particles have the tendency to fall towards the bed. In Fig. 4 (a-d) , the iso-concentration contours are plotted for time t = 0.6, when the settling particles are injected for all times at z s = 0.11, near the bottom. It is observed that as settling velocity increases, the near-bed iso-concentration lines show agglomeration due to the combined action of the mean shearing motion of the fluid, turbulence and gravity. Fig. 5 (a-d) shows the time variation of iso-concentration contour of the suspended particles injected for all times near the bed. It is interesting to note that as time increases, the elongation of the concentration contour increases and it reaches to an asymptotically steady state at non-dimensional time t =2.0. Fig. 6(a-d) shows the lines of equi-concentration for unsteady dispersion in a vertical xz-plane, when the particles are injected continuously at a height z s = 0.61 away from the bed surface and at time t = 0.2. Fig. 6(a) shows the symmetric features in iso-concentration profile in the mean flow up to a certain downward distance, where the velocity gradient is low. But, as the settling velocity increases, it is seen from the Fig. 6(a-d) that the iso-concentration profiles are bent towards the bed surface. In Fig. 7(a-d) the time variations of iso-concentration contours are depicted when the suspended particles injected for all times away from the bed. It is seen that as time increases, the bending of iso-concentration lines increases due to the effect of settling velocity and it reaches an asymptotically steady state at time t = 2.0 as in Fig. 6(a-d) . It is also observed that in all cases (Figs.  3-7) , the contours of iso-concentration become more elongated in longitudinal direction than that of the transverse direction because the dispersion due to longitudinal convection is much greater than that due to vertical diffusion. Variation of concentration C with dimensionless time t is plotted in Fig. 8(a and b) at the point (x = 1.0, z = 0.175) near the source for different settling velocities, when injection heights are z s = 0.11 and 0.61, respectively. It is seen from Fig. 8(a) that the concentration C of the fine particles initially increases rapidly and asymptotically reaches a steady state for all values of settling velocities, and as the settling velocity increases the critical time for asymptotically steady state decreases. The variation of concentration with time and settling velocities shown in Fig. 8(a-b) depends on the injection points. 
Conclusions
We have focussed our attention on the dispersion process of settling particles when the particles are released from an elevated continuous line-source using a modified 'log-wake law' and the corresponding eddy diffusivity due to Nezu and Nakagawa [11] . Calculations have been made over a gravel bed surface and compared with the experimental findings and numerical results for steady state of the convection-diffusion equation when settling velocity is zero. It is interesting to note that in steady dispersion with increase of settling velocity the elongation in the concentration profiles is mostly prominent near the bed surface, where the velocity gradient is greater than any other region. For two-dimensional unsteady dispersion, the results are discussed in the form of iso-concentration contours in the vertical plane for different downstream distances in terms of the relative importance of convection, eddy diffusion and settling velocity. It is found that as settling velocity increases, the near-bed iso-concentration lines become agglomerated due to the combined action of the mean shearing motion of the fluid, turbulence and gravity. It is seen that the variation of concentration rapidly increases with dimensionless time t and asymptotically reaches a steady-state for all values of settling velocity; and as the settling velocity increases the critical time for reaching a steady concentration state decreases. It is interesting to note that due to the increase of settling velocity concentration decreases, when the injection point is lower than the computed point near the source, but the result is opposite when the particles are released at a point which is higher than the studied point.
